An Introduction to Semidefinite Program
Relaxations of Quadratically Constrained
Quadratic Programs

Fatma Kiling-Karzan

Carnegie Mellon University
Tepper School of Business

IPCO Summer School
June 19-20, 2023

Kiling-Karzan (CMU) SDP Relaxations of QCQPs 1/50



Recap: QCQP and its SDP relaxation
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Recap: forms of exactness

@ What does exactness mean?
e Objective value exactness: Opt = Optgpp
@ Optimizer exactness: arg min Opt = arg min Optgpp

e Convex hull exactness: conv(D) = Dgpp <+— convexification of substructures

e Rank-one generated (ROG) property:

“SDP exactness that is oblivious to the objective function”
— exactness in the lifted SDP space
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Today’s outline

@ Rank-one generated (ROG) property of SDPs

e Sufficient (necessary) conditions
e Examples

@ Exactness in the original space

e Convex hull
e Objective value

e Efficient algorithms for solving SDPs
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Exactness in the lifted SDP space: ROG property J

References:
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Recap: ROG

@ Given M C S"*!, define S(M) ={Z e ST : (M,Z) <0,YM € M}

Definition
A closed cone S C Si“ is rank-one generated (ROQG) if
S = conv (S N {zzT RS Rn+1}> )

Equivalently, if all extreme rays are generated by rank-one matrices.

@ Analogy: (Integer programs, integral polyhedra) ~ (QCQPs, ROG)
@ ROG implies exactness (objective value and convex hull via the projected SDP)
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ROG

SM) ={ZeSt: (M, Z)<0,VM € M}

Well-known ROG sets:
@ Positive semidefinite cone S” itself!
@ Any single linear matrix inequality (LMI) or equation (LME):

Theorem (S-lemma)

S({M}) for any M € S**!is ROG.
[Fradkov and Yakubovich, 1979, Sturm and Zhang, 2003]
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When is S(M) ROG?

@ Question: for what M C S"*! is S(M) ROG?
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When is S(M) ROG?

@ Question: for what M C S"*! is S(M) ROG?

@ Can we analyze ROG property of S(M) from ROG property of
TM) ={ZeSt: (M, Z)=0,YM e M}?
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When is S(M) ROG?

@ Question: for what M C S"*! is S(M) ROG?
@ Can we analyze ROG property of S(M) from ROG property of
TM) ={ZeSt: (M, Z)=0,YM e M}?

@ Caveat:
e When M is finite, S(M) can be “lifted” into 7 (M’). But, ROG property is not
necessarily preserved in such liftings.
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Facial structure

SM)={ZeSi: (M, Z)<0,VM € M}
TM)={ZeS: (M, Z)=0,VM € M}
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Facial structure

SM)={ZeSi: (M, Z)<0,VM € M}
TM)={ZeS: (M, Z)=0,VM € M}

® |S(M)is ROG| <= |every face of S(M) is ROG |

o [S(M)isROG| = [T(M)is ROG
=

@ When M is compact,

S(M) is ROG | <= |v& £ M’ C M, S(M) N T(M') is ROG]|
YM' C M, T(M') is ROG| == [S(M) is ROG
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@ When M is finite,

4




Facial structure — sufficient conditions

@ | M| =1, then both S(M) and 7 (M) are ROG (S-lemma)
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Facial structure — sufficient conditions

@ | M| =1, then both S(M) and 7 (M) are ROG (S-lemma)
@ Not necessarily true if [M| > 2
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Facial structure — sufficient conditions

@ | M| =1, then both S(M) and 7 (M) are ROG (S-lemma)
@ Not necessarily true if [M| > 2
@ Two LMIs (M;, Z) < 0 and (Ms, Z) < 0 are “non-interacting” when

3(041,012) 7é (0,0), C¥1M1 + OZ2M2 t 0
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Facial structure — sufficient conditions

@ | M| =1, then both S(M) and 7 (M) are ROG (S-lemma)
@ Not necessarily true if [M| > 2
@ Two LMIs (M, Z) < 0and (M,, Z) < 0 are “non-interacting” when

3(041,012) 7é (0,0), OllMl + ()éQMQ t 0

If every pair (M;, M;) is “non-interacting” in M = {M, ..., My}, then T (M) and S(M) are
ROG.

oA 4
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The ROG property and solutions to quadratic systems

o let E(ZM) ={zeR": (M Z)<2"Mz<0,YM € M}
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The ROG property and solutions to quadratic systems

o let E(ZM) ={zeR": (M Z)<2"Mz<0,YM € M}

Proposition

for all nonzero Z € S(M),

S(M) is ROG range(Z) N £(Z, M) # {0}
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The ROG property and solutions to quadratic systems

o let E(ZM) ={zeR": (M Z)<2"Mz<0,YM € M}

Proposition

for all nonzero Z € S(M),

SM)isROG <+ range(Z) N E(Z, M) # {0}

for all nonzero Z € T(M),
range(Z) NN(M) # {0},
where  N(M) ={zeR"": 2TMz=0,VM € M}

° T(M)is ROG <=
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for all nonzero Z € S(M),

SM)isROG <+ range(Z) N E(Z, M) # {0}

for all nonzero Z € T(M),
range(Z) NN (M) # {0},
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The ROG property and solutions to quadratic systems

o let E(ZM) ={zeR": (M Z)<2"Mz<0,YM € M}

Proposition

for all nonzero Z € S(M),

SM)isROG <+ range(Z) N E(Z, M) # {0}

for all nonzero Z € T(M),

range(Z) NN (M) # {0},
where  N(M) ={zeR"": 2TMz=0,VM € M}

@ N(M)CE&(Z M)forall Z e S(M)

@ Suffices to check these for all Z with rank(Z) > 2

° T(M)is ROG <=
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Sufficient conditions - Il

@ Both S(M) and T (M) are ROG when
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Sufficient conditions - Il

@ Both S(M) and T (M) are ROG when
e Forall Z € T(M) with rank > 2, range(Z) NN (M) #£ {0}
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Sufficient conditions - Il

@ Both S(M) and T (M) are ROG when
e Forall Z € T(M) with rank > 2, range(Z) NN (M) #£ {0}
e E.g., when V(M) contains a hyperplane a™ := {{ e R"™':a "¢ = 0}
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Sufficient conditions - Il

@ Both S(M) and T (M) are ROG when
e Forall Z € T(M) with rank > 2, range(Z) NN (M) #£ {0}
e E.g., when V(M) contains a hyperplane a™ := {{ e R"™':a "¢ = 0}

v
‘o

e N({M}) contains a* ?
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Sufficient conditions - Il

@ Both S(M) and T (M) are ROG when

e Forall Z € T(M) with rank > 2, range(Z) NN (M) #£ {0}

e E.g., when V(M) contains a hyperplane a™ := {{ e R"™':a "¢ = 0}
@ N({M}) contains a* <= M =ab" + ba' for some b € R"*+!
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Sufficient conditions - Il

@ Both S(M) and T (M) are ROG when

e Forall Z € T(M) with rank > 2, range(Z) NN (M) #£ {0}

e E.g., when V(M) contains a hyperplane a™ := {{ e R"™':a "¢ = 0}
@ N({M}) contains a* <= M =ab" + ba' for some b € R"*+!

Proposition

Leta € R™™, B C R" and M := {ab" +ba’ : b € B}. Then, both S(M) and
T (M) are ROG.
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Sufficient conditions - Il

@ Both S(M) and T (M) are ROG when

e Forall Z € T(M) with rank > 2, range(Z) NN (M) #£ {0}

e E.g., when V(M) contains a hyperplane a™ := {{ e R"™':a "¢ = 0}
@ N({M}) contains a* <= M =ab" + ba' for some b € R"*+!

Proposition

Leta € R™™, B C R" and M := {ab" +ba’ : b € B}. Then, both S(M) and
T (M) are ROG.

@ For any closed convex cone K C R*+! — {Z €Syt ZaeK } is ROG.
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Summary for two LMIs

SH{M, My}) ={Z e ST (M, Z) <0, (Ms, Z) <0}
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Summary for two LMIs

SH{M, My}) ={Z e ST (M, Z) <0, (Ms, Z) <0}

S({M;, M,}) is ROG if at least one of the following holds
o 3(0[1, ag) 75 (0,0) s.t. oy M1 + ao My > 0,
(2] da, b1, by € R s.t. M, = abi'— + blaT and My = ab;— + bgaT.
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Summary for two LMIs

S{My,Mp}) ={Z € ST+ (M, 2Z) <0, (M, Z) < 0}

S({ My, M>}) is ROG if and only if at least one of the following holds
o 3(0&1, 042) 7é (0,0) s.t. ag My + ag My > 0,
(2] da, b1, by € R+l gt M; = abir + blaT and My = ab;— + bQCLT.
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Summary for two LMIs

S{My,Mp}) ={Z € ST+ (M, 2Z) <0, (M, Z) < 0}

S({ My, M>}) is ROG if and only if at least one of the following holds
o 3(0&1, 042) 7é (0,0) s.t. ag My + ag My > 0,
(2] da, b1, by € R+l gt M; = abir + blaT and My = ab;— + bQCLT.

@ Complete characterization of ROG property in the case of two LMIs (c.f.,
S-lemma).
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What other sets are ROG?

@ ROG property is extensively studied in the context of Trust-region

subproblem (TRS) and its variants
[Sturm and Zhang, 2003], [Burer, 2015] and references therein, [Yang et al., 2018]

(TRS): wienﬂéfn {:UTAobjac + Qb;rbjx ]l < 1}
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What other sets are ROG?

@ ROG property is extensively studied in the context of Trust-region

subproblem (TRS) and its variants
[Sturm and Zhang, 2003], [Burer, 2015] and references therein, [Yang et al., 2018]

(TRS): 1nf {:UTAoblsc + 2bob]x t |zl < 1}

. vz’ x
st (5 e 120}

= inf {<Mobj,zz >:zn+1—1 <L 2z > O , where L :=Diag(1,...,1,—1)

z€RnH1
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What other sets are ROG?

@ ROG property is extensively studied in the context of Trust-region

subproblem (TRS) and its variants
[Sturm and Zhang, 2003], [Burer, 2015] and references therein, [Yang et al., 2018]

(TRS): 1nf {:UTAoblsc + 2bob]x t |zl < 1}

. vz’ x
st (5 e 120}

:zelélfﬂ{(MobJ,zz )i znp1=1, (L,zz") <0}, where L :=Diag(l,...,1,—1)

- f Mo, Z) t Znsimsr =1, (L, Z) <0, Z = 22"
ZGR"+111,1ZGSH+1{< obj> Z) +ln+1 (L, Z) <0 zz'}
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What other sets are ROG?

@ ROG property is extensively studied in the context of Trust-region

subproblem (TRS) and its variants
[Sturm and Zhang, 2003], [Burer, 2015] and references therein, [Yang et al., 2018]

(TRS): 1nf {:UTAoblsc + 2bob]x t |zl < 1}

. vz’ x
st (5 e 120}

= inf {<Mobj,zz >:zn+1—1 <L 2z > O , where L :=Diag(1,...,1,—1)

z€RnH1

= inf {{Mowj, Z) : Zns1ni1=1, (L,Z) <0, Z=122"}

z€Rn+1 ZeSn+1

> inf (Mo Z) ¢ Zuiin =1, (L, Z) 0, Z = 0)
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Trust region subproblem

(TRS) inf {<MobjaZ> : Zn+1,n+1 = 17 <L7Z> < 07 Z = ZZT}

z€Rn+1 ZeSn+1

> inf {(Mobj,Z> C Dptint1 = 1, (L, Z) <0, Z» O},
ZeSntt

where L := Diag(1,...,1,-1).
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Trust region subproblem

(TRS): inf {{Mowj, Z) : Zns1pi1 =1, (L,Z) <0, Z=22"}

ZGR”+1,Z€Sn+1

> inf {(Mowj, Z) : Znsrmsr =1, (L, Z) <0, Z =0},
ZeSntt

where L := Diag(1,...,1,-1).

Theorem ([Sturm and Zhang, 2003])

cleonv{zz": (L,zz") <0} ={ZeSIt: (L,Z2) <0} = S{L}).

(recall S({L}) is ROG).
Furthermore,

cleonv {(z,zz") : ||z < 1}

= {(ac,X): 3z = (:;XT "”f) Znsinsr =1, (L, Z) <0, ZEO}.
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Extended TRS

Extended TRS:

(e-TRS): inf x" Agpj + 2bgpi = [[zfl2 <1, ¢

R

f) >0, Vi € [m]

——
=z
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Extended TRS

Extended TRS:
(e-TRS): mlean z " Aopjz + 2boTbjx: [zlla <1, ¢ (T) >0, Vi € [m]
——
=z
- — . ’
= inf <Mobj,zz > s zpp1 =1 [ (21,0 ,20) 12 <1, ¢, 2> 0, Vi € [m]

zeRn+1
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Extended TRS

Extended TRS:
(e-TRS): in]Rf z " Aopjz + 2boTbjx ezl <1, ¢ (T) >0, Vi € [m]
zERN
——
=
- —_ . ’
= iﬂngr (Mo, 22" )t zpg1 =1, | (21,...,20) 2 £ 1, ¢ 2> 0, Vi € [m]
z€RnHL
' i Z) = <0, ¢ 2>0,Vi Z T
z€R"+llI,l£€S"+1 {(MobJ,Z> t Zpsint1 =1, (L, Z) <0, ¢; 2> 0, Vi € [m], 2z }
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Extended TRS

Extended TRS:
(e-TRS): inf x" Agpj + 2bgpi = [[zfl2 <1, ¢ (f) >0, Vi € [m]
e
—~—
=z
. P . ’
= iﬂngr (Mo, 22" )t zpg1 =1, | (21,...,20) 2 £ 1, ¢ 2> 0, Vi € [m]
zER™ 1
inf Mo, Z) = Zpyime1 =1, (L, Z) <0, ¢] z>0,Yie[m], Z==zz"
zeRn+111,1ZeS"+1{< obj> ) +1,n+1 { ) < = [m] }
? =7 inf Mo, Z) = Zpsimer =1, (L, Z) <0, ¢] 2>0,Yi € [m], Z > 22"
zER"+11r,lZ€S"+1{< obj; Z) +1,n+1 ( ) < = [m] }

Kiling-Karzan (CMU) SDP Relaxations of QCQPs 14/50



Extended TRS

Extended TRS:
(e-TRS): inf x" Agpj + 2bgpi = [[zfl2 <1, ¢ (f) >0, Vi € [m]
——
=z
. —_ .
= iﬂngr (Mo, 22" )t zpg1 =1, [ (21,...,20) 2 < 1, ¢/ 2> 0, Vi € [m]
zER™ 1
U S {{Mowj, Z) : Zns1ns1 =1, (L,Z) <0, ¢] 2>0,¥i € [m], Z=22"}
? =7 i , . = T i T
? =7 ZERH+11{1£€SW+1 {(MobJ,Z> $ Zptin+1 =1, (L, Z)<0,¢; 2>0,Vie[m]|, Z = zz }

Not really! We need a stronger relaxation.
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How to strengthen the standard SDP relaxation?

(e-TRS) = inf Mopi, 22" ) : Zn+1 =1, [[(21,-. -5 20)|l2 £ 1, ¢ 2>0,Yie[m
| 7

zERn+1
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How to strengthen the standard SDP relaxation?

(e-TRS) = zeiﬂgﬂ {{Mopj, 22" )t zng1 =1, [[(21,.- - 20)l2 £ 1, ¢ 2 >0, Vi € [m]}
csz >0
c32>0

@ Linear RLT: } — 22 >0 — ¢ Zey>0
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How to strengthen the standard SDP relaxation?

(e-TRS) = inf Mopi, 22" ) : Zn+1 =1, [[(21,-. -5 20)|l2 £ 1, ¢ 2>0,Yie[m
| 7

ZERN+1

cszzO
c32>0

@ Linear RLT: } — 22 >0 — ¢ Zey>0

o L™ == {zeR": 2,11 >|(21,...,20)|2} denote the SOC in R™+1. Then,

(e-TRS) = inf {<Mobj,zzT> Dz =1, ze L™ ¢f2>0,Vie [m}}

zERnH1L
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How to strengthen the standard SDP relaxation?

(e-TRS) = inf Mopi, 22" ) : Zn+1 =1, [[(21,-. -5 20)|l2 £ 1, ¢ 2>0,Yie[m
| 7

zERn+1

§
o Linear RLT: “1* ="

— CIZZTCQ >0 = CIZCQ >0
cyz2 >0

o L™ == {zeR": 2,11 >|(21,...,20)|2} denote the SOC in R™+1. Then,

(e-TRS) = inf {<Mobj,zzT> Dz =1, ze L™ ¢f2>0,Vie [m}}

z€Rn+1

clz>0

@ SOC RLT: e

} — zzl¢ el —  Z¢ el
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ROG characterization of (e-TRS)

(e-TRS) = inf Mo, 22" )t zpy1 =1, ze L™ ¢l2>0,Vie [m
) i

z€Rn+1

Theorem ([Burer and Anstreicher, 2013, Burer, 2015] and references therein)

Suppose ¢, z > 0 for i € [m] are s.t. whenever z is feasible to (e-TRS) and ¢} z = 0
for some ¢ € [m], then ¢/ z > 0 for all j € [m]. Then, the set

{Z eS™: (L,2) <0, Ze; € LM Vi € [m], ¢] Zej > 0, Vi, j € [m]}

is ROG and it is equal to conv {zz" : z € L"*!, ¢/ 2 >0, Vi € [m]}.
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Intersection of two Euclidean balls

@ ROG characterization of the intersection of two Euclidean balls is studied in
[Kelly et al., 2022, Burer, 2023]

(tb-TRS) = Jnf, {27 Aobje + 2bgpiz = [|z]l2 < 1, [l — clls <7}
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Intersection of two Euclidean balls
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Intersection of two Euclidean balls

@ ROG characterization of the intersection of two Euclidean balls is studied in

[Kelly et al., 2022, Burer, 2023]
(tb-TRS) = mieann {a7 Aopjz + QbOTbjx Dzl <1, lz — ¢l < 7}

= Inf {27 Aopjr + 2bgpy + [|z]13 < 1, a3 — 2¢7 @ + [lef3 < 7}
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Intersection of two Euclidean balls

@ ROG characterization of the intersection of two Euclidean balls is studied in
[Kelly et al., 2022, Burer, 2023]

(tb-TRS) = mieann {7 Aopjz + 2bgp = [lz]l2 <1, [lz = clls <7}

= Inf {27 Aopjr + 2bgpy + [|z]13 < 1, a3 — 2¢7 @ + [lef3 < 7}

= inf @' Agyw + 2bgp ¢ [|z]|3 < min{ 1, 2T @ —||c||3 + 7
zER™

=
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Intersection of two Euclidean balls

@ ROG characterization of the intersection of two Euclidean balls is studied in
[Kelly et al., 2022, Burer, 2023]

(tb-TRS) = mieann {7 Aopjz + 2bgp = [lz]l2 <1, [lz = clls <7}

= Inf {27 Aopjr + 2bgpy + [|z]13 < 1, a3 — 2¢7 @ + [lef3 < 7}

= inf @' Agyw + 2bgp ¢ [|z]|3 < min{ 1, 2T @ —||c||3 + 7
rER" N———

=

: T T . 2 o T
= xeﬂgll,f;fER {z Aot + 2bgpr ¢ lzfl3 <ty t = mln{l, 2c x—|—r}}
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Intersection of two Euclidean balls

@ ROG characterization of the intersection of two Euclidean balls is studied in
[Kelly et al., 2022, Burer, 2023]

(tb-TRS) = mieann {7 Aopjz + 2bgp = [lz]l2 <1, [lz = clls <7}

= inf {7 Aoy + 2000 - lal3 < 1, ol — 26T+l < 7}

= inf @' Agyw + 2bgp ¢ [|z]|3 < min{ 1, 2T @ —||c||3 + 7
rER" N———

=

o Ta T . 2 o T
_meﬂg},fteR {z Aoy + 2bopw ¢ |z]l3 <, t—mm{l, 2c x—|—r}}

Theorem ([Burer, 2023], informal)

Consider (tb-TRS) in the (z,t) space. Then, its strengthened S(M) set which contains
1 LMI from the norm constraint, 2 SOC-RLT constraints, and 1 LME from the linear RLT,
is ROG.
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What about nonconvex quadratics?

Theorem ([Yang et al., 2018], informal)
Consider the intersection of

@ “ball": ||z]|, < 1
@ “cuts": Czx >d
@ “holes™ x " A;x + 2b] x + ¢; > 0, where each A; - 0, for all i € [k].

If none of the cuts and holes touch each other, then the strengthened S(M) set which
contains

@ 1 LMI from the norm constraint,
@ all SOC-RLT and linear RLT constraints from the cuts, and
@ all LMIs (A;, X) + 2b] z + ¢; > 0 from the holes,

is ROG.
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Open questions

Here is a deceivingly simple looking open question:
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Open question

Given A € R™*™ and ¢ € R™, what is the set S(M) that gives the ROG
characterization of
{z eR": ||z]]2 <1, || Az — |2 < 7}7

@ Kronecker RLT constraints? [Anstreicher, 2017]
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Open questions

Here is a deceivingly simple looking open question:

Open question

Given A € R™*™ and ¢ € R™, what is the set S(M) that gives the ROG
characterization of
{z eR": ||z]]2 <1, || Az — |2 < 7}7

@ Kronecker RLT constraints? [Anstreicher, 2017]
@ What about cuts? holes?

@ Fejes-Téth conjecture (1964) (one of Kurt Anstreicher’s favorite open problems that can
significantly simplify the proof of Kepler conjecture)
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Simple ROG preserving operations

Lemma
Suppose

@ M =J,cr M, for some family of matrices {M,},. », and
@ S(M,,) is ROG for every o € F.
Then, S(M) is ROG iff extr(S(M)) C e r extr(S(Ma)).
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Simple ROG preserving operations

Lemma
Suppose

@ M ={J,cr M, for some family of matrices {M,}, >, and
@ S(M,,) is ROG for every o € F.
Then, S(M) is ROG iff extr(S(M)) C e r extr(S(Ma)).

Lemma

Suppose

o M= Ule M;, i.e., a finite union of compact sets, and

@ the following “non-interacting” assumption holds:
forall0 # Z € STt andi € [k], if (M;, Z) = 0 for some M; € M, then (M, Z) < 0
forall M € M\ M,.
Then, S(M) is ROG iff S(M;) is ROG for all i € [k].
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Summary of the ROG property

@ ROG property implies (closed) convex hull exactness for any* objective function
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systems”
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@ Other applications (e.g., minimizing ratios of quadratic functions, PSD matrix
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@ Sufficient conditions based on “non-interacting” or “solutions to quadratic
systems”
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Summary of the ROG property

@ ROG property implies (closed) convex hull exactness for any* objective function

@ Other applications (e.g., minimizing ratios of quadratic functions, PSD matrix
completion, ...)

@ Sufficient conditions based on “non-interacting” or “solutions to quadratic
systems”

@ Complete characterization of when S({M;, M>}) is ROG
@ Toolkit for ROG property
@ Many ROG sets arising from variants of TRS. ..

@ Many more open questions about ROG characterizations of sets defined by
quadratics. . .
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Exactness in the original space J

References:
Wang, A. L. and K.-K,, F. (2022c). On the tightness of SDP relaxations of QCQPs. Math. Program., 193:33-73

Wang, A. L. and K.-K., F. (2020). A geometric view of SDP exactness in QCQPs and its applications. arXiv preprint,

2011.07155
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The QCQP epigraph

@ QCQP epigraph D = {(x,t) c R Gobj (%

~_
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The QCQP epigraph

. L n+1 ., qObj(m) S t
@ QCQP epigraph D = {(W SR 0, Vi € [m] }
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The QCQP epigraph

. L n+1 ., qObj(m) S t
@ QCQP epigraph D = {@t) SR 0, Vi € [m] }

@ How can we derive convex relaxations of D?
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@ QCQP epigraph
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The QCQP epigraph

@ QCQP epigraph

@ How can we derive eemvex relaxations of D? Lagrangian aggregation!

@ For any v € R, the aggregated inequality  gouj(z) + Z%qi(aj) <t
1=1

is valid for all (x,t) € D.
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@ How can we derive eemvex relaxations of D? Lagrangian aggregation!

@ For any v € R, the aggregated inequality  gouj(z) + Z%qi(aj) <t
1=1
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The QCQP epigraph

. o n+1 ., QObJ(x) S t
@ QCQP epigraph D= (zt)eR"™: 0, Vi € [m)] }

q(y,z) <t

@ How can we derive eemvex relaxations of D? Lagrangian aggregation!

@ For any v € R, the aggregated inequality  gouj(z) + Z%qi(aj) <t
1=1

is valid for all (z,t) € D. = q(7, @)
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The QCQP epigraph

. o n+1 ., QObJ(x) S t
@ QCQP epigraph &l = {(’”’t) erRT 0, Vi € [m)] }

J -

@ How can we derive eemvex relaxations of D? Lagrangian aggregation!

q(,x) <t

@ For any v € R, the aggregated inequality  gouj(z) + Z%qi(a:) <t
1=1

is valid for all (z,t) € D. = q(7, @)
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SDP relaxation is Lagrangian aggregation

Related: Fujie and Kojima [1997]
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SDP relaxation is Lagrangian aggregation

Dual strict feasibility holds, i.e., 3y* € R 8.t. Aopj + > Vi Ai = 0.

Related: Fujie and Kojima [1997]
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SDP relaxation is Lagrangian aggregation

Dual strict feasibility holds, i.e., 3y* € R 8.t. Aopj + > Vi Ai = 0.

Opt :zienugn {qobj(z) = qi(x) <0, Vi € [m]}
= inf {27 Aoz + 2b;rbjx +cobj @' A+ 2b] x +¢; < 0,Vi € [m]}

TER™
X—zz' =0 }

> _inf 3 (Aobj, X) + 2oz + cop -
{< ot X) + 2o + Cony (A, X) 4+ 2b] x +¢; <0, Vi € [m]

zE€R™, X €Sn

Related: Fujie and Kojima [1997]
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TER™
X—zz' =0 }

> _inf 3 (Aobj, X) + 2oz + cop -
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= inf inf ...
zER™ X S
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SDP relaxation is Lagrangian aggregation

Dual strict feasibility holds, i.e., 3y* € R 8.t. Aopj + > Vi Ai = 0.

Opt :zienugn {qobj(z) = qi(x) <0, Vi € [m]}
= inf {27 Aoz + 2b;rbjx +cobj @' A+ 2b] x +¢; < 0,Vi € [m]}

TER™
X—zz' =0 }

> _inf 3 (Aobj, X) + 2oz + cop -
{< ot X) + 2o + Cony (A, X) 4+ 2b] x +¢; <0, Vi € [m]

zE€R™, X €Sn

= inf inf ...
zER™ X S

= inf sup g(y,2) = Optgpp
ZER™ yey

Related: Fujie and Kojima [1997]
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SDP relaxation is Lagrangian aggregation

Dual strict feasibility holds, i.e., 3y* € R 8.t. Aopj + > Vi Ai = 0.

Opt :zienugn {qobj(z) = qi(x) <0, Vi € [m]}
= inf {27 Aoz + 2b;rbjx +cobj @' A+ 2b] x +¢; < 0,Vi € [m]}

TER™
X—zz' =0 }

> _inf 3 (Aobj, X) + 2oz + cop -
{< ot X) + 2o + Cony (A, X) 4+ 2b] x +¢; <0, Vi € [m]

zE€R™, X €Sn

= inf inf ...
zER™ X S

= inf sup g(y,2) = Optgpp
ZER™ yey

m
where TI'; = {'y e R : Aoy + Z%Ai = 0}

=1

Related: Fujie and Kojima [1997]
Kiling-Karzan (CMU) SDP Relaxations of QCQPs 23/50



SDP relaxation is Lagrangian aggregation

Dual strict feasibility holds, i.e., 3y* € R 8.t. Aopj + > Vi Ai = 0.

Opt :zienugn {qobj(z) = qi(x) <0, Vi € [m]}
= inf {27 Aoz + 2b;rbjx +cobj @' A+ 2b] x +¢; < 0,Vi € [m]}

TER™
X—zz' =0 }

(Ai, X) +2b) z +¢; <0, Vi € [m]

> i i o i
= zeR}LI,l)ffegn {<A°bl’ X) + 2bobj + Cob

= inf inf ...
zER™ X S

= inf sup g(y,2) = Optgpp
ZER™ yey

m
where Ty = {'y € R : Aoy + Z%’Ai = 0} = {'y € R : ¢(v,x) is convex in x}
=1

Related: Fujie and Kojima [1997]
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Revisiting the SDP relaxation

o Optgpp = inf sup g(v,z) where Ty =< v € R : Ay, +Z%‘Ai =0
vERT yel i=1
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Revisiting the SDP relaxation

o Optgpp = inf sup g(v,z) where Ty =< v € R : Ay, +Z%‘Ai =0
vERT yel i=1

o
m
Define T' = {('yobj,’y) € Rf‘m © YobjAobj + Z%‘Ai b O} ,i.e,T'=clcone{(1,7): vy €Ty}

i=1
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Revisiting the SDP relaxation

o Optgpp = inf sup g(v,z) where Ty =< v € R : Ay, +Z%Ai =0
vERT yel i=1

o
m
Define T' = {('yobj,’y) € Rf‘m © YobjAobj + Z%‘Ai b O} ,i.e,T'=clcone{(1,7): vy €Ty}

i=1

Then, Dspp = [ ) {(fﬂ,t)  Yobj (Gobi(x) — ) + Y _ vigi(x) < 0}
i=1

(Yobj>v)ET
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Revisiting the SDP relaxation

®  Optspp = inf sup q(v, =) where Ty = {7 ERT : Ao+ Y _vidi = 0}
el i=1

m

Define T' = {(%bj,’y) € Rf‘m © YobjAobj + Z%‘Ai b O} ,i.e,T'=clcone{(1,7): vy €Ty}

i=1

Then, Dspp = [ ) {(Cﬂat)  Yobj (Gobi(x) — ) + Y _ vigi(x) < 0}
i=1

(Yobj>v)ET

@ Projected SDP relaxation = impose all convex aggregated inequalities!
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Revisiting the SDP relaxation

o Optgpp = inf sup g(v,z) where Ty =< v € R : Ay, +Z%‘Ai =0
vERT yel i=1

o
m
Define T' = {('yobj,'y) € Rf‘m © YobjAobj + Z%Ai b O} ,i.e,T'=clcone{(1,7): vy €Ty}

i=1

Then, Dspp = [ ) {(%t)  Yobj (Gobi(x) — ) + Y _ vigi(x) < 0}
i=1

(Yobj>v)ET

@ Projected SDP relaxation = impose all convex aggregated inequalities!

X rErE
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Rewriting SDP in terms of '

Depp — {(w,t) : <<7’c;bj) ’ <%bj(§(xx))* t>> <0, v (w;m) c 1“}

Lemma
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Rewriting SDP in terms of '

Depp — {(w,t) : <<7’c;bj) ’ <%bj(§(xx))* t>> <0, v (w;m) c 1“}

Lemma

For a cone K, the polar cone K° := {¢: (£,¢) <0,V¢ € K}

Dspp
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Rewriting SDP in terms of '

Depp — {(w,t) : <<7’c;bj) ’ <%bj(§(xx))* t>> <0, v (w;m) c 1“}
={e0: (50 e )

where I'° is the polar cone of T'.

Lemma

For a cone K, the polar cone K° := {¢: (£,¢) <0,V¢ € K}

\
Dspp

vV ¢
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Rewriting SDP in terms of '

Depp — {(w,t) : <<7’c;bj) ’ <%bj(§(xx))* t>> <0, v (w;m) c 1“}
={e0: (50 e )

where I'° is the polar cone of T'.

For a cone K, the polar cone K° := {¢: (£,¢) <0,V¢ € K}

Dspp
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Convex hull exactness

L CODV(D) ; Dspp
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Convex hull exactness

?
(] COIIV(D) = Dgpp

“Given any point in Dgpp \ D, there
conv(D) = Depp < exists a direction such that wg qan
move forward and backward inside

Dspp”
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Convex hull exactness

(] COIIV(D) ; Dspp

“Given any point in Dgpp \ D, there
exists a direction such that we can
move forward and backward inside

Dspp”

conv(D) = Dgpp

@ When do these “rounding” directions exist?
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Convex hull exactness

?
(] COIIV(D) = Dgpp

“Given any point in Dgpp \ D, there
exists a direction such that we can
move forward and backward inside

Dspp”

conv(D) = Dgpp

@ When do these “rounding” directions exist? «— Can carry out this idea for
QCQPs!
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Faces of I" and I'°

@ Recall Dgpp = {(:c,t) : <q°b"q(22)_ t) ere }
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Faces of I" and I'°

@ Recall Dgpp = {(x,t) : <q°bjézc£)_ t) € I° }

(=)

conv(D) = Dspp
F+ax’)— (t+at)

A7 qobj
< V(&,t) € Dgpp \ D,3(2',1') # 0 s.t. ( obi o(i + az')

) e I'° for some o > 0.
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Faces of I" and I'°

@ Recall Dgpp = {(x,t) : <q°qu(zv£)_ t) € I° }

(=)

(]
conv(D) = Dspp

= V(&,1) € Dspp \ D, 3(a, 1) # 0 sit. (qObj(x i(axxjgax% )> € I'° for some o > 0.
@ Let G(2,f) denote the minimal face of I'° containing (q°bq((£)) )
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(]
conv(D) = Dspp

= V(&,1) € Dspp \ D, 3(a, 1) # 0 sit. (qObj(x i(axxjgax% )> € I'° for some o > 0.
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Sufficient condition for convex hull exactness

@ Given (&,1) € Dgpp, look for a subset of directions (', ) s.t.
[(#,£) £ a(2/,1)] € Dgpp for some a > 0
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Sufficient condition for convex hull exactness

@ Given (&,1) € Dgpp, look for a subset of directions (', ) s.t.
[(#,£) £ a(2/,1)] € Dgpp for some a > 0

If for every (z,%) € Dgpp \ D, the set
R/(i‘,f) — {(l’/,t/) c R . (QObj(ZL’ -g(oﬁgr—i_);x% + at )) c span(g(i:,f)), Yo € R} )
is nontrivial, then conv(D) = Dgpp.
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Sufficient condition for convex hull exactness

@ Given (&,1) € Dgpp, look for a subset of directions (', ) s.t.
[(#,£) £ a(2/,1)] € Dgpp for some a > 0

If for every (z,%) € Dgpp \ D, the set
R/(i‘,f) — {(l‘/,t/) c R . (QObj(ZL’ Z(Oéx_k);x% + at )) c span(g(ﬁ,f)), Yo € R} )
is nontrivial, then conv(D) = Dgpp.

@ Whenever I'° is facially exposed (e.g., whenever I'° is polyhedral), this
condition identifies all rounding directions:
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Sufficient condition for convex hull exactness

@ Given (&,1) € Dgpp, look for a subset of directions (', ) s.t.
[(#,£) £ a(2/,1)] € Dgpp for some a > 0

If for every (z,%) € Dgpp \ D, the set

R!(3,8) = {(m’,t’) c R+ . (%bj(:i Z(o;x—;_);ng—k at’)) € span(G(#, 1)), Vo € R} )

is nontrivial, then conv(D) = Dgpp.

@ Whenever I'° is facially exposed (e.g., whenever I'° is polyhedral), this
condition identifies all rounding directions:
— This sufficient condition becomes also necessary.
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Sufficient condition for convex hull exactness

@ When I'° is facially exposed, R'(z, t) admits further simplification.
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Sufficient condition for convex hull exactness

@ When I'° is facially exposed, R'(z, t) admits further simplification.
@ For example,

Proposition

Suppose I' is strictly feasible. Consider any (z,t) € Dspp With ¢ = sup,¢r, ¢(7, ),
and let (1, f) € rint(F(x,t)).

If " is polyhedral, then

R (z,1) = {(x’,t’) crrit, @ Eker(AW), } |

(b(v),2") =t =0,V(1,v) € F(a,t)
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Example: SDP convex hull exactness for m = 2

@ Consider X = {z: ¢;(x) <0, Vi € [2]}, i.e., gopj = 0 and m = 2.

Related: Yildiran [2009]
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Example: SDP convex hull exactness for m = 2

@ Consider X = {z: ¢;(x) <0, Vi € [2]}, i.e., gopj = 0 and m = 2.
@ Then, D = X x Ry and Dgpp = Xspp X Ry.

Related: Yildiran [2009]
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Example: SDP convex hull exactness for m = 2

@ Consider X = {z: ¢;(x) <0, Vi € [2]}, i.e., gopj = 0 and m = 2.
@ Then, D = X x Ry and Dgpp = Xspp X Ry.

@ Suppose 3v* € R% s.t. 77 A; + 542 = 0, and let vV, 42 € R% be generators
of I'y.

Related: Yildiran [2009]
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@ Then, D = X x Ry and Dgpp = Xspp X Ry.

@ Suppose 3v* € R% s.t. 77 A; + 542 = 0, and let vV, 42 € R% be generators
of I'y.

@ Suppose X is strictly feasible and ¢1, g2 are both nonconvex.

Related: Yildiran [2009]
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Example: SDP convex hull exactness for m = 2

@ Consider X = {z: ¢;(x) <0, Vi € [2]}, i.e., gopj = 0 and m = 2.
@ Then, D = X x Ry and Dgpp = Xspp X Ry.

@ Suppose 3v* € R% s.t. 77 A; + 542 = 0, and let vV, 42 € R% be generators
of I'y.

@ Suppose X is strictly feasible and ¢1, g2 are both nonconvex.
@ Then, clconv(X) = Xgpp if and only if for both i = 1,2, we have that

ker(A(y®)) N b(v)* is nontrivial.

Related: Yildiran [2009]
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Example: QCQPs with symmetry

@ Convex hull exactness in the case of “highly symmetric’ QCQPs, a.k.a.,
quadratic matrix programs (QMPs):

reR* — X eR" and

Az + 20"z +c ——  tr (XTAX) +2(B,X)+c
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Example: QCQPs with symmetry

@ Convex hull exactness in the case of “highly symmetric’ QCQPs, a.k.a.,
quadratic matrix programs (QMPs):

reR” — X eR™  and

Az + 20 x4+ tr(XTAX)+2<B,X>+c =:¢;(X)

@ General QMP: angn {qonj(X) : ¢:(X) <0, Vi € [m]}
e nxk

@ Applications:
e Robust least squares, sphere packing problems, QCQPs with spherical
constraints, orthogonal Procrustes problem

Related:
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Example: QCQPs with symmetry

@ Convex hull exactness in the case of “highly symmetric’ QCQPs, a.k.a.,
quadratic matrix programs (QMPs):

reR® — X eR™* and

eTAz+2bTz+c —  tr(XTAX) +2(B,X)+c = ¢(X)

@ General QMP: Xn;gn {qobj(X) : ¢:(X) <0, Vi € [m]}
€ nxk

@ Can be written as a QCQP by defining Agpj = I ® Agpj, Ai = I ® A; Vi € [m]

A
A=1, A=

@ Convex hull exactness holds whenever k > m

Related:
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Sufficient condition for objective value exactness

Objective value exactness has been studied a lot:

@ TRS and S-lemma
[Yakubovich, 1971]

@ Extended TRS
[Jeyakumar and Li, 2014, Ben-Tal and den Hertog, 2014, Locatelli, 2016, Ho-Nguyen and K.-K.,
2017, Bomze et al., 2018]

@ Sign-definite SDPs
[Sojoudi and Lavaei, 2014]

@ SDPs with simultaneously diagonalizable matrices
[Burer and Ye, 2019, Locatelli, 2022]

@ SDPs with certain sparsity patterns (forest, bipartite)
[Azuma et al., 2022b,a]
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Sufficient condition for objective value exactness

@ Give primal and also dual sufficient conditions for optimizer exactness, i.e.,

argmint = argmin t.
(z,t)eD (z,t)€Dspp

Related: [Burer and Ye, 2019, Locatelli, 2022]
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@ Give primal and also dual sufficient conditions for optimizer exactness, i.e.,

argmint = argmin t.
(z,t)eD (z,t)€Dspp

@ Dual sufficient condition originates from
Optgpp = inf sup {q(7,2)}
TE€R™ yery

Related: [Burer and Ye, 2019, Locatelli, 2022]
Kiling-Karzan (CMU) SDP Relaxations of QCQPs 33/50



Sufficient condition for objective value exactness

@ Give primal and also dual sufficient conditions for optimizer exactness, i.e.,

argmint = argmin t.
(z,t)eD (z,t)€Dspp

@ Dual sufficient condition originates from
Optgpp = inf sup {q(7,2)}
TE€R™ yery

= sup inf {q(y,x)} = sup d(v). (by coercivity [Ekeland and Temam, 1999])
~yer; TeR” vely
—_———

=d(7)

Related: [Burer and Ye, 2019, Locatelli, 2022]
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Sufficient condition for objective value exactness

@ Give primal and also dual sufficient conditions for optimizer exactness, i.e.,

argmint = argmin t.
(z,t)€D (=,t)€Dspp

@ Dual sufficient condition originates from
Optgpp = inf sup {q(7,2)}
z€R™ yer,

= sup inf {q(y,x)} = sup d(v). (by coercivity [Ekeland and Temam, 1999])
el ZER™ vely
—_———

Suppose sup.,cr, d(v) is achieved at some ~* for which Aqp; + A(7*) = 0. Then,
argmin, jept = arg ming yepg, -

Related: [Burer and Ye, 2019, Locatelli, 2022]
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Summary of exactness in the original space

@ Sufficient conditions for convex hull exactness
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@ Sufficient conditions for objective value exactness
@ Further applications:
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Summary of exactness in the original space

@ Sufficient conditions for convex hull exactness

o Necessary and sufficient if I" is polyhedral (dual facially exposed)
@ Sufficient conditions for objective value exactness
@ Further applications:

e Diagonal QCQPs with sign-definite linear terms, QCQPs with centered
constraints and polyhedral I', QCQPs with spherical constraints, random and
semi-random QCQPs, ratios of quadratic functions
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Summary of exactness in the original space

@ Sufficient conditions for convex hull exactness

o Necessary and sufficient if I" is polyhedral (dual facially exposed)
@ Sufficient conditions for objective value exactness
@ Further applications:

e Diagonal QCQPs with sign-definite linear terms, QCQPs with centered
constraints and polyhedral I', QCQPs with spherical constraints, random and
semi-random QCQPs, ratios of quadratic functions

SDPs provide exact reformulations for broad classes of QCQPs!
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Efficient algorithms for exact SDPs J

References:
Wang, A. L., Lu, Y., and K.-K., F. (2023+). Implicit regularity and linear convergence rates for the generalized
trust-region subproblem. SIAM J. Optim., Forthcoming, (arXiv:2112.13821)

Wang, A. L. and K.-K., F. (2022a). Accelerated first-order methods for a class of semidefinite programs. arXiv
preprint, 2206.00224
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Solving the SDP relaxation

@ SDPs can be solved in polynomial time
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e Classical interior point methods:
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Solving the SDP relaxation

@ SDPs can be solved in polynomial time «— too expensive in modern applications
@ Usual SDP relaxation in z € R" and X € S — O(n?) variables

e Classical interior point methods:
—— iterations are too expensive requiring O(mn? +m?n? + m?) operations (time)
and O(n? + m?) storage
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Solving the SDP relaxation

@ SDPs can be solved in polynomial time «— too expensive in modern applications
@ Usual SDP relaxation in z € R" and X € S — O(n?) variables

e Classical interior point methods:
—— iterations are too expensive requiring O(mn? +m?n? + m?) operations (time)
and O(n? + m?) storage
@ High storage requirements and expensive iterations led to alternative approaches:
> Burer-Monteiro method: , extremely popular in ML. ...
e Motivation: For a primal SDP (P) with m LMEs, Jan optimal solution Z* with

rank(Z*) < [\/ﬁ
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Solving the SDP relaxation

@ SDPs can be solved in polynomial time «— too expensive in modern applications
@ Usual SDP relaxation in z € R" and X € S — O(n?) variables

e Classical interior point methods:
—— iterations are too expensive requiring O(mn? +m?n? + m?) operations (time)
and O(n? + m?) storage
@ High storage requirements and expensive iterations led to alternative approaches:
> Burer-Monteiro method: , extremely popular in ML. ...
e Motivation: For a primal SDP (P) with m LMEs, Jan optimal solution Z* with
rank(Z*) < [\/ﬁ

e Main Idea: Solve (P) as an NLP by replacing Z with V'V T where V has at least

[v2m]| columns
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Solving the SDP relaxation

@ SDPs can be solved in polynomial time «— too expensive in modern applications
@ Usual SDP relaxation in z € R" and X € S — O(n?) variables

e Classical interior point methods:
—— iterations are too expensive requiring O(mn? +m?n? + m?) operations (time)
and O(n? + m?) storage

@ High storage requirements and expensive iterations led to alternative approaches:

> Burer-Monteiro method: , extremely popular in ML. ...

e Motivation: For a primal SDP (P) with m LMEs, Jan optimal solution Z* with
rank(Z*) < [vV2m

e Main Idea: Solve (P) as an NLP by replacing Z with V'V T where V has at least

[v2m]| columns

e Recent theory showing that under some regularity conditions, for almost all
objective functions, B-M method finds the global optimum.
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Solving the SDP relaxation

We can solve an SDP more efficiently and with O(kn + m) storage if it is
rank-k-exact (regular)!
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@ Recall Optgpp := inf  sup q(v,x)
rER™ ,ye]_"l
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Solving the SDP relaxation

We can solve an SDP more efficiently and with O(kn + m) storage if it is
rank-k-exact (regular)!

@ Recall Optgpp := inf | sup q(v,x)
rER™ ,ye]_"l

This is a minimization problem in the original space —— n variables
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Solving the SDP relaxation

We can solve an SDP more efficiently and with O(kn + m) storage if it is
rank-k-exact (regular)!

@ Recall Optgpp := inf | sup q(v,x)
rER™ ,ye]_"l

This is a minimization problem in the original space —— n variables

@ Exactness (regularity) will allow us to efficiently deal with max-type obj.
structure
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Linear-time algorithm for the Generalized TRS

@ Generalized TRS:  Opt = ieann {qobj(z) : q1(z) <0}

Related: Hazan and Koren [2016], Ho-Nguyen and K.-K. [2017], Jiang and Li [2019, 2020]
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Linear-time algorithm for the Generalized TRS
@ Generalized TRS: Opt = iean" {qobj(:v) qi(x) < 0}

@ Recall convex hull exactness holds: conv(D) = Dgpp = {(x,t) : sup q(v,z) < t}
vyel

Related: Hazan and Koren [2016], Ho-Nguyen and K.-K. [2017], Jiang and Li [2019, 2020]
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@ Generalized TRS: Opt = iean" {qobj(:v) qi(x) < 0}
@ Recall convex hull exactness holds: conv(D) = Dgpp = {(x,t) : sup q(v,z) < t}
vyel

@ where 'y ={yeRy: q(v,z) is convex in z}

Related: Hazan and Koren [2016], Ho-Nguyen and K.-K. [2017], Jiang and Li [2019, 2020]
Kiling-Karzan (CMU) SDP Relaxations of QCQPs 37/50



Linear-time algorithm for the Generalized TRS
@ Generalized TRS: Opt = iean" {qobj(:v) qi(x) < 0}
@ Recall convex hull exactness holds: conv(D) = Dgpp = {(x,t) : sup q(v,z) < t}
vyel

@ where 'y ={yeRy: q(v,z) is convex in z}

q(v,7) ‘ ' .
@

7=0

Related: Hazan and Koren [2016], Ho-Nguyen and K.-K. [2017], Jiang and Li [2019, 2020]
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Linear-time algorithm for the Generalized TRS
@ Generalized TRS: Opt = iean" {qobj(:v) qi(x) < 0}
@ Recall convex hull exactness holds: conv(D) = Dgpp = {(x,t) : sup q(v,z) < t}
vyel

@ where 'y ={yeRy: q(v,z) is convex in z}

q(v,7) ‘ ' .
@ . .

v=0 V- Y+

Related: Hazan and Koren [2016], Ho-Nguyen and K.-K. [2017], Jiang and Li [2019, 2020]
Kiling-Karzan (CMU) SDP Relaxations of QCQPs 37/50



Linear-time algorithm for the Generalized TRS

® I't = [v—,74]

Related: Hazan and Koren [2016], Ho-Nguyen and K.-K. [2017], Jiang and Li [2019, 2020], Wang and K.-K.
[2022b]
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Linear-time algorithm for the Generalized TRS

® I'' = [y-,7+] = Opt = Optgpp = inf L ]q(%w)
- +

Related: Hazan and Koren [2016], Ho-Nguyen and K.-K. [2017], Jiang and Li [2019, 2020], Wang and K.-K.
[2022b]
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Linear-time algorithm for the Generalized TRS

® I''=[r-,74] = Opt=Optgpp = inf  max _ q(v,2)
v € {7-7+}

Related: Hazan and Koren [2016], Ho-Nguyen and K.-K. [2017], Jiang and Li [2019, 2020], Wang and K.-K.
[2022b]
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Linear-time algorithm for the Generalized TRS

@ I't = [v-,74] = Opt = Optgpp = inf max  q(7,7)

reR™

v € {v=,7+}

max q(v,z)
ve{v—r+}

q(y-, ) \\ q(v4, )

Related: Hazan and Koren [2016], Ho-Nguyen and K.-K. [2017], Jiang and Li [2019, 2020], Wang and K.-K.
[2022b]
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Linear-time algorithm for the Generalized TRS

@ I't = [v-,74] = Opt = Optgpp = inf max  q(7,7)

z€R™

v € {v=,7+}

max q(v,z)
ve{v—r+}

q(y-, ) ()

@ Algorithmic idea
e Compute v_ and v, to some accuracy
e Apply Accelerated Gradient Descent for
smooth minimax problems

Related: Hazan and Koren [2016], Ho-Nguyen and K.-K. [2017], Jiang and Li [2019, 2020], Wang and K.-K.
[2022b]
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Linear-time algorithm for the Generalized TRS

@ I't = [v-,74] = Opt = Optgpp = inf max  q(7,7)

z€R™

v € {v=,7+}

max q(v,z)
ve{v—r+}

q(y-, ) ()

@ Algorithmic idea
e Compute v_ and v, to some accuracy ~ ﬂl LAY 1
e Apply Accelerated Gradient Descent for 0 Ve o8 D &\ e
smooth minimax problems

Related: Hazan and Koren [2016], Ho-Nguyen and K.-K. [2017], Jiang and Li [2019, 2020], Wang and K.-K.
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Linear-time algorithm for the Generalized TRS

@ I't = [v-,74] = Opt = Optgpp = inf max  q(7,7)

reR™

v € {v=,7+}

max q(v,z)
ve{v—r+}

q(y-, ) ()

@ Algorithmic idea
e Compute v_ and v, to some accuracy 5 (N "\ 1 ~ 1
e Apply Accelerated Gradient Descent for — 0 Ve log P A Ve
smooth minimax problems

Related: Hazan and Koren [2016], Ho-Nguyen and K.-K. [2017], Jiang and Li [2019, 2020], Wang and K.-K.

[2022D]
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Regularity

@ Dual problem:

sup q(v,z) = sup inf q(y,z)

Optgpp =
vy€ely €T, zER™

inf
reR™
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Regularity

@ Dual problem:

Optgpp = Inf sup g(y,2) = sup inf q(y,2)
" yely yer; ¢€R

Definition

Let v* be a dual optimizer. Define 1* = Amin (Aobj + >ty 7 Ai). Note p* > 0 by
definition of T';. QCQP instance is regular if x* > 0.
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Regularity

@ Dual problem:

Optgpp = Inf sup g(y,2) = sup inf q(y,2)
" yelry yer; z€R

Definition

Let v* be a dual optimizer. Define 1* = Amin (Aobj + >ty 7 Ai). Note p* > 0 by
definition of T';. QCQP instance is regular if x* > 0.

@ Regularity — optimizer exactness

p* >0 = argmin {qopj(z) : ¢;(x) <0,Vi € [m]} = argmin sup q(v,x)
reR™ zeR™  ~yel'y
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Linear convergence for regular GTRS

@ Suppose p* >0

Related: Carmon and Duchi [2018]
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Linear convergence for regular GTRS

@ Suppose p* >0

\

\

@ Suppose v* € [Y—,9+] CTI'

Related: Carmon and Duchi [2018]
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Linear convergence for regular GTRS

@ Suppose p* >0

\

\

@ Suppose v* € [J_,94+] CT1 = Opt= inf max q(y,x)
z€R™ ’Ye{’?* 7’74’}

Related: Carmon and Duchi [2018]
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Linear convergence for regular GTRS
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@ Suppose v* € [J_,94+] CT1 = Opt= inf max q(y,x)
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@ Suffices to estimate v* to low accuracy
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@ Suppose v* € [J_,94+] CT1 = Opt= inf max q(y,x)
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convexity
~( N 1 n 1
O(—=log|— |Jlog| — |log| -
(x/u* g(u*) g(p> g<€>>

Related: Carmon and Duchi [2018]
Kiling-Karzan (CMU) SDP Relaxations of QCQPs 40/50




Linear convergence for regular GTRS
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@ Suppose v* € [J_,94+] CT1 = Opt= inf max q(y,x)
z€R™ ’Ye{’?* 7’?4’}

@ Suffices to estimate v* to low accuracy and then we can exploit strong
convexity
~( N 1 n 1 1
O(—=log|— |Jlog| — |log| - ~ log  —
(x/u* g(u*) g(p> g<€>> g(f)

Related: Carmon and Duchi [2018]
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Linear convergence for regular GTRS
@ Suppose p* >0

max q(7v, )
YE{V-A+}

@ Suppose v* € [J_,94+] CT1 = Opt= inf max q(y,x)
TER™ ’Ye{’?* 7’?4’}

@ Suffices to estimate v* to low accuracy and then we can exploit strong

convexity
~( N 1 n 1 1
0 (Gimvs e s () e () = s )

— This rate is linear in both N and log(1/e)

Related: Carmon and Duchi [2018]
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How to generalize?

@ How to handle SDP relaxations of general QCQPs with multiple constraints?
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How to generalize?

@ How to handle SDP relaxations of general QCQPs with multiple constraints?

@ For QCQPs, we desire rank-1 solutions in the SDP relaxations.
What about SDPs in which we seek rank-k solutions?
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General setup

, M, Y) +d; = 0, Vi € [m]
° Optspp = inf {(MobpY) : i,
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General setup

° Optspp = inf {(Mobj>Y> C oy .o
m
> sup {dTv D Mop+ Y i = 0}
vER™ i=1
= M(v)

@ k-exact SDPs:
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= M(v)
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e W, subspace of dimension n — k such that Y;,, = 0 is known
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, (Mi,Y) +di = 0, Vi € [m]
° Optspp = inf {<Mobi7y> Ly s 0

m
> sup {dTwr Mobj-l-Z%Mi EO}
YER™ i=1

= M(v)

@ k-exact SDPs:

e Strong duality holds, both problems are solvable

e W, subspace of dimension n — k such that Y;,, = 0 is known
e Thistalk: W =R" *and Y}, = I,

e Strict complementarity + exactness
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General setup

=0

. M;,Y)+d;, =0,Vi € |m
° Optspp = inf {(MobbY)i i, ) ] }

m
> sup {dTwr Mobj-l-Z%Mi EO}
YER™ i=1

= M(v)

@ k-exact SDPs:

e Strong duality holds, both problems are solvable

e W, subspace of dimension n — k such that Y;,, = 0 is known
e Thistalk: W =R" *and Y}, = I,

e Strict complementarity + exactness: there exists Y*, v* such that rank(Y*) = &
and rank(M (v*)) =n — k
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Motivation

@ SDP relaxation of QMP in X € R(n—k)xk

Kiling-Karzan (CMU) SDP Relaxations of QCQPs 43/50



Motivation

.X XT X k*  k
i i (n—k)xk
@ SDP relaxation of QMP in X € R , ( T Ik) — <* Ik)
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Motivation

.
@ SDP relaxation of QMP in X € R("k)xk, XX; X\ [
X' I x Iy,

(M;,Y) +d; =0, ¥i € [m]
Optspp = inf (Mop;, Y) v <* *) -0
* Ik -

Taking W = R"*, we know Y., = I;; = 0

@ Equivalently, k-exact SDPs originate from QCQPs and QMPs that admit exact
SDP relaxations
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Deriving a strongly convex minimax problem

@ Suppose k-exactand Yyj,. = I
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@ Suppose k-exactand Yyj,. = I
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Deriving a strongly convex minimax problem
@ Suppose k-exactand Yyj,. = I
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o Let ;(X) = tr(X A X) +2 <BZ-, X> + i

@ Know Y* = <

.
) for X* ¢ R("=k)xk __, replace Y — <XX X)

X' I

Kiling-Karzan (CMU) SDP Relaxations of QCQPs 44 /50
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@ Suppose k-exactand Yyj,. = I
X*X*T X*
X*T Ik

A, B\ [(XXT X

o Let ;(X) = tr(X A X) +2 <Bl-, X> + i
@ We have reduced SDP to QMP

X* = argmin {qobj(X): ¢;(X) =0, Vi € [m]}
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Deriving a strongly convex minimax problem

@ Suppose k-exactand Yyj,. = I
X*X*T X*
X*T Ik

A, B\ [(XXT X

o Let ;(X) = tr(X A X) +2 <Bl-, X> + i
@ We have reduced SDP to QMP

X* = argmin {qobj(X): ¢;(X) =0, Vi € [m]}
XGR(n—k)xk

@ Know Y* = <

.
) for X* ¢ R("=k)xk __, replace Y — <XX X)

X' I

m
= argmin  sup gop(X) + > vigi(X)
XeR(n—k)xk ~yER™ i—1

= q(7, X) =tr(XTAMY)X) + ...
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Deriving a strongly convex minimax problem

@ Note strong duality + strict complementarity implies

X*= argmin sup g¢(vy,X)
X ER(—k)xk yER™

= argmin ¢(~*,X)
XeR(n—k)xk
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X ER(—k)xk yER™

= argmin ¢(~*,X)
XeR(n—k)xk

@ Strict complementarity — A(y*) > 0
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Deriving a strongly convex minimax problem

@ Note strong duality + strict complementarity implies

X*= argmin sup g¢(vy,X)
XER(n—k)xk yERM

= argmin ¢(~*,X)
XeR(n—k)xk

@ Strict complementarity — A(y*) =~ 0 — ¢(v*, X) is strongly convex

@ Cert. of strict complementarity: v* ¢ ¢/ CR™ and A(y) = O0forally e U

X" = argmin max g(y,X) (QMMP)
XcR(n—Fk)xk yeU

@ Questions left:

e How to construct the certificate t/?
e How to solve the strongly convex quadratic matrix minimax problem (QMMP)?
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Algorithms

@ Given U, how to solve strongly convex QUMP

argmin max g(v, X)?
XeR(n—k)xk yeu

Related: Nesterov [2005], Devolder et al. [2013, 2014], Nesterov [2018]
Kiling-Karzan (CMU) SDP Relaxations of QCQPs 46 /50



Algorithms

@ Given U, how to solve strongly convex QUMP

argmin max g(v, X)?
XeR(n—k)xk yeu

e Develop an inexact variant of Nesterov’s accelerated gradient descent (AGD)
method for minimax functions (each “prox-map" is a saddle point problem of its own)

» CautiousAGD: o (6_1/2 log(e_l))

Related:
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Algorithms

@ Given U, how to solve strongly convex QUMP

argmin max g(v, X)?
XeR(n—k)xk yeu

e Develop an inexact variant of Nesterov’s accelerated gradient descent (AGD)
method for minimax functions (each “prox-map" is a saddle point problem of its own)

» CautiousAGD: O (6_1/2 log(e_l))

@ How to find the certificate ¢/?

e Generate v() — ~* and neighborhoods ¢/ C {v: A(v) > 0} and monitor
convergence of CautiousAGD for QMIMP with 2/().

—— CertSDP

{yeR™: A(y) = 0}

Related:
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CertSDP guarantees

Theorem
Given ¢ > 0, CertSDP produces iterates X; such that

X, X' X X, X' X
<Mobj, < ;(t'l't Ikt>> < Optgpp +¢€ and H <<Mz’, < )t(t"l't I;:>> + di>‘

after completing

<e.
2

e iteration count: ¢ ~ O(1) + O (log(e "))
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CertSDP guarantees

Theorem
Given ¢ > 0, CertSDP produces iterates X; such that

X, X' X X, X' X
<Mobj, < ;(t'l't Ikt>> < Optgpp +¢€ and H <<Mz’, < )t(t"l't I;:>> + di>‘

after completing

<e.
2

e iteration count: ¢ ~ O(1) + O (log(e "))
e iteration complexity: O(me ') matrix-vector products per iteration

@ storage: O(m + nk) entries
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A glimpse on numerical results

@ Random instances of k-exact distance-minimization QMP

. 2, _ .
ot I ai(X) = 0. vi € ]}

with k = m = 10, (n — k) = 102, 10, 10° (10 instances per setting)

Related: Ding et al. [2021], Yurtsever et al. [2021], Souto et al. [2020], O’'Donoghue et al. [2016]
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A glimpse on numerical results

@ Random instances of k-exact distance-minimization QMP

. 2 . ) o .
ot I ai(X) = 0, vi € ]}

with &k = m = 10, (n — k) = 103, 10%, 10° (10 instances per setting)

Algorithm time (s) std. X —X*||%  std. memory (MB)  std.
CertSDP 1.3x 103 7.6 x 102 1.9x10722 42x10723 0.0 0.0
CSSDP 3.0x10® 5.8x10"! 7.3x10"2 34x1072 0.0 0.0
SketchyCGAL 3.0x 103 8.5 1.1 6.6 x 10~1 1.0 x 10! 1.0 x 10t
ProxSDP 2.1x10%2 1.1 x10! 12x10719 32x10719 48x10! 1.9 x 10t
SCS 3.1x10% 2.5x 10! 5.1 x 10—5 9.5x 1075 5.3 x 102 4.3 x 10!

n —k =103, time limit 3 x 10® seconds

Related: Ding et al. [2021], Yurtsever et al. [2021], Souto et al. [2020], O’'Donoghue et al. [2016]
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A glimpse on numerical results

@ Random instances of k-exact distance-minimization QMP

inf {|\X||; L gi(X) =0, Vi e [m]}

XeR(n—k)xk

with & = m = 10, (n — k) = 103, 10*, 10° (10 instances per setting)

Algorithm time (s) std. | X — X*||% std. memory (MB)  std.

CertSDP 4.5x10% 7.0 x 102 1.9x10722 52x1072% 8.5 1.2 x 10!
CSSDP 1.0x10% 6.6 x10"1 27 9.4x10"1 6.2 1.5 x 101
SketchyCGAL 9.7 x 103 1.8 x 102 4.0 1.4 2.7 x 101 2.2 x 101
ProxSDP 1.2x10% 1.1 x 102 2.9 9.9 x 1071 1.9 x 104 1.2 x 102

n —k = 10%, time limit 10* seconds

Related: Ding et al. [2021], Yurtsever et al. [2021], Souto et al. [2020], O’'Donoghue et al. [2016]
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A glimpse on numerical results

@ Random instances of k-exact distance-minimization QMP

inf {X2; A(X) =0, Vi }
ot {IXIE @) =0, vi € )

with k = m = 10, (n — k) = 103, 10%, 10° (10 instances per setting)

Algorithm time (s) std. X —Xx*||%  std. memory (MB)  std.

CertSDP 5.0x 10%  6.2x 102 2.5 x 1072 6.5x 1072 2.3 x 10? 2.0 x 102
CSSDP 5.0 x 104 4.7 2.8 5.1x 101 2.0 x 102 2.5 x 102
SketchyCGAL 4.7 x 10* 3.3x 103 4.0 2.1 3.7 x 102 2.0 x 102

n—k =105, time limit5 x 10* seconds

Related: Ding et al. [2021], Yurtsever et al. [2021], Souto et al. [2020], O’'Donoghue et al. [2016]
Kiling-Karzan (CMU) SDP Relaxations of QCQPs
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Summary

@ SDPs provide exact reformulations for broad classes of QCQPs and QMPs
(especially when constraints interact nicely and there are large amounts of symmetry)
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(especially when constraints interact nicely and there are large amounts of symmetry)

@ Rank-k exact SDPs can be solved very efficiently via first-order methods
@ Future directions:

e Can we approach approximation quality similarly?
e Can these tools for proving exactness guide us to design better convex
relaxations?

e More generally, exactness ~ efficiency?
e Can we develop efficient algorithms for SDPs admitting approximately low-rank
solutions?
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