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From Marginals to Distributions

Input:
- ground set B
- set system P C 2F
- requirements 7 € [0,1)”

- marginals p € [0,1]F

Goal: Find distribution for random set S C E
such that

Pr[eGS] = P, VeeF, m] D
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A Necessary Condition

All feasible marginals p must fulfil:
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All feasible marginals p must fulfil:
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0.5 0.3 0.2



Motivation: A Security Game

¢, inspection cost
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Motivation: A Security Game

¢, inspection cost

>

Inspect random set S C E: If (%) is sufficient:
min Z Zce Tg min Ece Pe
SCE ecS ecE
st. > g >7p VPEP st. Y p, > 7p VPeP
S:PNSHD eeP
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P = {s-t-paths in a DAG}, two settings for
(A)  Affine requirements: Tp=1—=3 _pHe for some p € [0,1]%

(C) Conservation law: Tp+7Tg =Tpxo+Tgx,p fOrP,QePvePNQ
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Their results:
- For (C): (x) is sufficient.
- For (A): Decomposition can be computed efficiently.
- Consequence: Computation of Nash equilibria for security game on DAG.



New Results

DAGs

(Dahan et al.)

Affine efficient algorithm

Conservation (%) sufficient

(exp.-time algorithm)



New Results

DAGs Abstract Networks

(Dahan et al.) (incl. digraphs w. cycles)

Affine efficient algorithm efficient algorithm

(explicit description) @

Conservation (%) sufficient

(exp.-time algorithm)

P combinatorial shortest-path algorithm for abstract networks



New Results

DAGs Abstract Networks

(Dahan et al.) (incl. digraphs w. cycles)

Affine efficient algorithm efficient algorithm
T (explicit description) @

Conservation (%) sufficient

(exp.-time algorithm)

P combinatorial shortest-path algorithm for abstract networks



New Results

DAGs Abstract Networks

(Dahan et al.) (incl. digraphs w. cycles)

Affine efficient algorithm efficient algorithm
T (explicit description) @

Conservation (%) sufficient

(exp.-time algorithm)

P combinatorial shortest-path algorithm for abstract networks

Also: NP-hard to decide feasibility of given p in general systems



New Results

DAGS Abstract Networks Max-Flow/Min-Cut
(Dahan et al.) (incl. digraphs w. cycles) (aka. ideal clutters)
Affine efficient algorithm efficient algorithm characterize
T (explicit description) @ (% )*SUﬁC\Ciel’] Cy
Conservation (x) sufficient B

(exp.-time algorithm)

P combinatorial shortest-path algorithm for abstract networks

Also: NP-hard to decide feasibility of given p in general systems



New Results

DAGS Abstract Networks Max-Flow/Min-Cut
(Dahan et al.) (incl. digraphs w. cycles) (aka. ideal clutters)
Affine efficient algorithm efficient algorithm characterize
T (explicit description) @ (% )*SUfﬁCienC}/
Conservation () sufficient (%) sufficient o

(exp.-time algorithm) oracle-poly

P combinatorial shortest-path algorithm for abstract networks

Also: NP-hard to decide feasibility of given p in general systems



Feasible Decompositions in Abstract Networks



Abstract Networks [Hoffman, Math. Prog. 1974]

Abstract network:
- set system (E,P)
- order <p forevery P e P
- forevery P,QePandee PNQ:

Px,QeP containedin {peP : p=pefU{qeqQ : e=yq}

Podas

Pxe = %3\7 PQ—\?(B(.L 6



Feasible Decompositions in Abstract Networks (when mp =1—3,_pue)
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M pe>mp YPEP (%)
ecP

Construct random S C E with

a _mln Z pf+Mf Pr[eES] = pe Vee FE,
7 P Pr[PNS#0] 2 np  vPeP.
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> VPeP (%
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(whenp =13 pe)
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Feasible Decompositions in Abstract Networks (when mp=1—3__p ue)

> VPeP (%
ST::{GGE:ae—pegrgae} e;DPe,ﬂ'P € (%)
) Construct random S C E with
with a, := min Z pstup and 7~ U[0,1] pr[ee S] — p. VeeE,
FE[P €]

pr[Pns#0) > np  vPeP.
O—20—20—@—0—0
P ]

Theorem. S, is a feasible decomposition of p.

Proof sketch. Want to show: Pr[S,. NP # 0] > 1_Ze€PME
By induction: Pr[S,N[Pe] £0 AT<a,] > a,— >
f€[P,e]
By (x): «, > 1for last elementt of P 7
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Hypothesis: Pr[S,N[P,e]#0ANT<0a,] > a, — 2 feip.o) M



Induction Step

Hypothesis: PriS. N[Pe]#0 A T<a] 2 aq—3 pohy

Claim: Thereis e’ =p e with o, < a, + po + e O

P O— O >E—> o—EO—0

d e = ok
I N N e
& 0 Gﬁtavfj



Induction Step

Hypothesis: PriS. N[Pe]#0 A T<a] 2 aq—3 pohy

Claim: Thereis e’ =p e with o, < a, + po + e O

P O— O 0—2E—0
e/ :=firstedge on @ x, P notin [Q, €]

d e = ok
I N N e
& 0 Gﬁtavfj



Induction Step

Hypothesis: PriS. N[Pe]#0 A T<a] 2 aq—3 pohy

Claim: Thereis e’ =p e with o, < a, + po + e O

P O— O 0—2E—0
e/ :=firstedge on @ x, P notin [Q, €]

d e = ok
I N N e
& 0 Gﬁtavfj

Induction step: Replace e by ¢’.
RHS increases by at most p,,.



Induction Step

Hypothesis: PriS. N[Pe]#0 A T<a] 2 aq—3 pohy

Claim: Thereis e’ =p e with o, < a, + po + e O

P O— O >E—> o—EO—0

7 := first edge on P notin
@ g Q Xe [Qﬂe] /7(7 Z gQ+‘J§‘ =K,
CQ\ J £elQ,e]

Induction step: Replace e by ¢’.
RHS increases by at most p,,.
Cace N Ceose 2
Ocp =%, £ Lo Qe
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How Do We Access Abstract Networks?

Membership oracle for an abstract network:
Given F C E, either

- return P € P (and <) with P C F,

- or assert that no such P exists.




How Do We Access Abstract Networks?

Membership oracle for an abstract network:
Given F C E, either

- return P € P (and <) with P C F,

- or assert that no such P exists.

McCormick (SODA 1996):
- Combinatorial algorithm for MAX FLow in abstract networks using
membership oracle (weakly poly-time).
- Strongly poly-time possible using stronger oracle?
E.g., shortest-path oracle?
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Shortest Paths in Abstract Networks

Given: abstract network (E, ), costs ¢ € RF
Task: find P € 7 minmizing ¢(P) := >

ecP Ce

Dijkstra’s Algorithm

S o B
/ \ labels ¢,
3 paths Q.
N >
spz) S be =2 se(@..e Cf
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Processing Elements

How to find all relevant ways to continue [@,, €]?

process(e) o

O O
%
F

C F=T\[Q.,e] 7
- while 3P € ? with P C E\F: @,

f = min_ P\[Q,e] ~— @
F:=FU{f} }@5&@

if ¢([P, f]) < ¢; then update ¢, and Q;
- T:=TU{e}
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Processing Elements

How to find all relevant ways to continue [@,, €]?

process(e)
C Fi=T\[Q. €]
- while 3P € ? with P C E\F:
f = min_, P\[Q,.¢]
F:=FU{f}
if ¢([P, f]) < ¢; then update ¢, and Q;
- T:=TU{e}

Lemma. After process(e), for every P € P with e € P:
- thereis f € P\T with ¢; < ¢, + ¢y
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Conclusion

2
\Y)
ONOO_/;S 0.8 e ] ~S
e P
o 0.25

- (%)-sufficiency allows formulating problems via their marginals:
Zpezﬂp VPeP (%)
ecP

- many systems are (x)-sufficient, including abstract networks

- feasible decompositions can be computed via a shortest-path algorithm
12



Overview & Open Questions

DAGs Abstract Networks Max-Flow/Min-Cut
(Dahan et al.) (incl. digraphs w. cycles)
Affine efficient algorithm efficient algorithm characterize
II (explicit description) @ (*)‘Sufﬁ Cieﬂcy
Conservation (%)-sufficient (x)-sufficient TDI systems?
(exp.-time algorithm) (oracle-poly)

@ combinatorial shortest-path algorithm for abstract networks
Strongly poly-time algorithm for Abstract Max Flow?

Also: NP-hard to decide feasibility of given p in general systems
Poly-time algorithms for some non-(x)-sufficient systems?

(x)-sufficiency under additional constraints on decomposition?
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